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Abstract
The recursive relation starts to appear by putting a function y(x) =
∑∞
n=0 dnx
n into a linear
ordinary differential equation (ODE). There can be d-term of sequences in the recurrence relation
of a power series where d ≥ 2. We discuss the absolute convergence test to the d-term recurrence
relation with non-constant coefficients of a linear ODE.
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1. Introduction
Many phenomena in Nature are described mathematically by nonlinear equations, but due
to their complexity we often have to resort to linearized versions of those equations in order to
study the qualitative behaviour of the corresponding phenomena. Furthermore, when the systems
are in some precise sense ’exactly solvable’, for example in the case of models that usually
coined ’integrable’ there are underlying mathematical structures that are in essence linear when
considered in an appropriate (extended) space of variables. Such systems, albeit very special,
comprise many important physical models, and they appear in many areas of the natural sciences,
e.g. in Newtonian and non-Newtonian mechanics (e.g. systems of Calogero-Moser or Toda
type), random matrix theory (where the quantities of interest are described by so-called Painleve´
equations), General relativity (e.g. the Ernst equations and Einstein-Maxwell-Weyl euqations
describing gravitational waves) and in many instances of quantum mechanics and quantum field
theory (e.g. the sine-Gordon and massive Thirring models describing interacting fields in two
dimensions).
In general when we explain and solve most linearized nature problems with the natural sci-
ences such as E & M, Newtonian mechanic, quantum mechanic, QCD, astronomy, statistical
mechanic, general relativity, etc, we always are confronted with linear differential equations at
the end, markedly linear ordinary differential equations (ODEs). Even though the ODEs are the
simplest form of all differential equations, occasionally there are no analytic solutions to these
physical systems in the form of power series expansions: there are many mathematical methods
to explain these problems. The Method of Frobenius is the most powerful technique because of
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its simple form: We obtain eigenvalues of the physical system as a power series is polynomials,
and in the case of an infinite series, its radius of convergence is constructed rigorously.
Before the birth of differential equations, through Newton & Leibniz, finite-element differ-
ence equations, i.e., recurrence relations, go back to Fibonacci in the 1200s. If the birth of
modern calculus is attributed to Newton & Leibniz, then the birth of the differential equations
coincides with the birth of difference equations, 350 years ago. By using the Frobenius method
and putting the power series expansion with unknown coefficients into linear differential equa-
tions, the recursive relation of coefficients starts to appear in the Frobenius series. There can
be between a 2-term and an infinity-term sequences in the recursive relation in the power series
expansion; most physical phenomena have been described using the recursion relation.
Until recently (the 21st century), we only have explained physical phenomena with a 2-term
recurrence relation of linear ODEs for convenient calculations. The Frobenius solutions in com-
pact forms of the 2-term recursive relation are constructed analytically. However, since modern
physics come out to the world, roughly said the 21st century, we cannot derive and explain nature
(especially particle physics) with a only 2-term recursive relation in linear ODEs any more. The
most complicated physics problems should require more than a 3-term recurrence relation of
Frobenius solutions. A three term between successive sequences in the recursion relation creates
complex mathematical calculations and methods of proof (summation schemes) for its analytic
solution seem obscure.[5, 7, 15, 16]
In 1889, K. Heun worked on the second ordinary differential equation which has four regular
singular points. The solution was a form of a power series that can be expressed as a 3-term
recurrence relation.[6, 13, 17, 8, 5] In contrast, most of well-known special functions consist of a
two term recursion relation (Hypergeometric, Bessel, Legendre, Kummer functions, etc). Later,
the Heun function became a general function of all well-known special functions: Mathieu, Lame
and Coulomb spheroidal functions, etc.
Due to its complexity Heun functions were neglected for almost 100 years. Recently, Heun
functions started to appear in theoretical modern physics, in general relativity, in wave propa-
gation on a background Schwarzschild black hole, in wave equations in curved spaces and in
the Schro¨dinger equation with anharmonic potential, in perturbations of the Kerr metric, in crys-
talline materials, in Collogero–Moser–Sutherland systems, etc, just to mention a few.
Heun’s equation is referred as
d2y
dx2
+
(
γ
x
+
δ
x − 1
+
ǫ
x − a
)
dy
dx
+
αβx − q
x(x − 1)(x − a)
y = 0 (1.1)
With the condition ǫ = α + β − γ − δ + 1. The parameters play different roles: a , 0 is the
singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory parameter. Also,
α and β are identical to each other. It has four regular singular points which are 0, 1, a and ∞
with exponents {0, 1 − γ}, {0, 1 − δ}, {0, 1 − ǫ} and {α, β}.
Substituting y(x) =
∑∞
n=0 dnx
n+λ into (1.1) gives for the coefficients dn the recurrence relations
dn+1 = An dn + Bn dn−1 ; n ≥ 1 (1.2)
2
with An = A An and Bn = A Bn

A = 1+a
a
B = − 1
a
An =
n2 +
α + β − δ + 2λ + a(γ + δ − 1 + 2λ)
1 + a
n +
λ (α + β − δ + λ + a(γ + δ − 1 + λ)) + q
1 + a
n2 + (1 + γ + 2λ)n + (1 + λ)(γ + λ)
Bn =
n2 + (α + β − 2 + 2λ)n + (α − 1 + λ)(β − 1 + λ)
n2 + (γ + 1 + 2λ)n + (1 + λ)(γ + λ)
d1 = A0 d0 = A A0 d0
(1.3)
We have two indicial roots which are λ = 0 and 1 − γ.
For the 4-term case, since we substitute y(x) =
∑∞
n=0 dnx
n+λ into a linear ODE, the recursion
relation for its Frobenius solution is given by
dn+1 = An dn + Bn dn−1 +Cn dn−2 ; n ≥ 2
with seed values1
d1 = A0 d0 d2 = (A0A1 + B1) d0
For the 5-term case, since we substitute y(x) =
∑∞
n=0 dnx
n+λ into a linear ODE, the recursion
relation for its Frobenius solution starts to arise such as
dn+1 = An dn + Bn dn−1 + Cn dn−2 + Dn dn−3 ; n ≥ 3
with seed values2
d1 = A0 d0 d2 = (A0A1 + B1) d0 d3 = (A0A1A2 + A0B2 + A2B1 + C2) d0
H. Poincare´ stated that a ratio between two successive iterates of the recurrence relation
arising from the power series expansion of a linear differential equation is equal to one of roots
of the characteristic equation in 1885. And a more general theorem has been extended by O.
Perron in 1921; its theorem is called as the Poincare´-Perron (P-P) theorem.[3, 12, 9, 10] For
equal and greater than 3-term cases, various scholars have used the P-P theorem in order to
obtain the radius of convergence (absolute convergence), and the radius of its largest disk must
be the modulus of the smallest root of the characteristic equation. In a recent paper [4] by the
author it shows us that the P-P theorem only gives us some sort of conditional-type convergence.
Its theorem does not provide us absolute convergence. In order to obtain absolute one, we have to
take absolute values of individual terms in each sequence of a d-term recursive relation with non-
constant coefficients. With this revision, we are able to obtain the proper domain of convergence
of a linear ODE having d-term recursion relation in its power series. However, we cannot obtain
the radius of convergence for every cases with this revised P-P theorem; i.e. there are no ways
to obtain the domain of convergence of a local Heun function around the origin where a singular
parameter a = −1 by applying the revised P–P theorem; see section 4 in Ref.[4].
1This boundary condition is necessary to satisfy an indicial equation in the method of Frobenius. Some examples for
the 4-term case are generalized Heun, triconfluent Heun and ellipsoidal wave equations, etc.
2Similarly, this boundary condition is also necessary in order to satisfy an indicial equation for a power series. Some
examples for the 5-term case are Riemann’s P–differential equation, Heine differential equation and etc.
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The Abel-Ruffini theorem (also known as Abel’s impossibility theorem) states that polyno-
mial equations of degree five or higher with arbitrary coefficients are no general algebraic solu-
tion in terms of the basic arithmetic operations such as additions, subtractions, multiplications,
divisions, and root extractions. [1, 2, 11] It indicates that it is really hard to derive the roots of the
characteristic polynomial for more than 5 term by hands without computer simulations. Because
of these reasons, the author constructs the absolute convergence test in which is suitable for the
three term recurrence relation in a power series [4].
Unfortunately, power series solutions in closed forms and direct (or contour) integral forms
for a three or more term recurrence relation in a linear ODE is extremely difficult to be described
analytically because of 3 different successive sequences and over in a series expansion.
Instead, our questions are as follows:
1. what is the radius of convergence (domain of the absolute convergence) of the d-term
recursive relation with non-constant coefficients in a linear ODE?
2. How can we obtain an answer of the above question without using the Poincare´–Perron
theorem properly?
In this paper, in place of analyzing power series solutions and their integral forms using any
simpler functions for the multi-term recurrence relation, we construct the mathematical formulae
analytically for the above 2 questions.
2. Convergence test to the multi-term recurrence relation with non-constant coefficients of
a linear ODE
Lemma 1. For a fixed k ∈ N, there is the (k + 1)-term recurrence relation with constant coeffi-
cients such as
ck+1,n+1 = α1ck+1,n + α2ck+1,n−1 + α3ck+1,n−2 + · · · + αkck+1,n−k+1 (2.1)
with seed values ck+1, j =
∑ j
i=1
αick+1, j−i where j = 1, 2, 3, · · · , k− 1 & k ∈ N− {1}. And ck+1,0 = 1
is chosen for simplicity from now on. The generating function of the sequence of (2.1) is given by
y(x) =
∞∑
n=0
ck+1,nx
n
=
1
1 −
k∑
j=1
α jx
j
(2.2)
The domain of convergence (convergence test) of (2.2) is written by
D :=
x ∈ C
∣∣∣∣∣∣
k∑
j=1
∣∣∣α jx j
∣∣∣ < 1
 (2.3)
Proof. See section 3.3 in Flajolet and Sedgewick’s book [14]. A summation series expansion of
(2.2) is
1
1 −
∑k
j=1 α jx
j
=
∞∑
i1=0
∞∑
i2=0
· · ·
∞∑
ik=0
(i1 + i2 + · · · + ik)!
i1! i2! · · · ik!
(α1x)
i1
(
α2x
2
)i2
· · ·
(
αkx
k
)ik
(2.4)
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A real (or complex) series
∑∞
n=0 un is referred to converge absolutely if the series of moduli∑∞
n=0 |un| converge. And the series of absolute values (2.4) is
∞∑
i1=0
∞∑
i2=0
· · ·
∞∑
ik=0
(i1 + i2 + · · · + ik)!
i1! i2! · · · ik!
|α1x|
i1
∣∣∣α2x2
∣∣∣i2 · · · ∣∣∣αkxk
∣∣∣ik =
∞∑
r=0
(|α1x| +
∣∣∣α2x2
∣∣∣ + · · · + ∣∣∣αkxk
∣∣∣)r
This k-tuple series is absolutely convergent for |α1x| +
∣∣∣α2x2
∣∣∣ + · · · + ∣∣∣αkxk
∣∣∣ < 1. 
Definition 1. A homogeneous linear ordinary differential equation of order j with variable co-
efficients is of the form
a j(x)y
( j)
+ a j−1(x)y
( j−1)
+ · · · + a1(x)y
′
+ a0(x)y = 0 (2.5)
Assuming its solution as a power series in the form
y(x) =
∞∑
n=0
dnx
n (2.6)
where d0 = 1 chosen for simplicity from now on. For a fixed k ∈ N, we obtain the (k + 1)-term
recurrence relation putting (2.6) in (2.5).
dn+1 = α1,ndn + α2,ndn−1 + α3,ndn−2 + · · · + αk,ndn−k+1 (2.7)
with seed values d j =
∑ j
i=1
αi, j−1d j−i where j = 1, 2, 3, · · · , k − 1 & k ∈ N − {1}.
Theorem 2. Assuming lim
n→∞
αl,n = αl < ∞ in (2.7), the domain of absolute convergence of (2.6)
is written by
D :=
x ∈ C
∣∣∣∣∣∣
k∑
m=1
|αmx
m| < 1
 (2.8)
Proof. To proof it for ∀ k where k ∈ N, we consider power series for (k + 1)-term recurrence
relation where k = 1, 2, 3, 4. Assuming lim
n→∞
αl,n = αl < ∞, we denote αl,n = αlαl,n Here, a
numerator (and a denominator) of αl,n is a polynomial of degrees m. And the coefficient of a
term having degree m is always the unity.
Given any positive error bound ǫ and a positive integer N, n ≥ N implies that
∣∣∣αl,n
∣∣∣ < 1 + ǫ.
And we denote α˜l = (1 + ǫ)αl for better simple notation from now on.
(A) The 2-term recurrence relation with non-constant coefficients of a linear ODE
In general, 2-term recurrence relation putting (2.6) in (2.5) is given by
dn+1 = α1,ndn (2.9)
If
∣∣∣α1,n
∣∣∣ < 1+ ǫ when n ≥ N, then the series of absolute values, 1+ |d1||x|+ |d2||x|2 + |d3||x|3 + · · · ,
is dominated by the convergent series
1 + |d1||x| + |d2||x|
2
+ |d3||x|
3
+ · · · + |dN ||x|
N
{
1 + |α˜1||x| + |α˜1|
2|x|2 + |α˜1|
3|x|3 + · · ·
}
=
N−1∑
n=0
|dn||x|
n
+
|dN ||x|
N
1 − |α˜1x|
(2.10)
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(2.10) is absolutely convergent for |α˜1x| < 1. We know |α1x| < |α˜1x|. Therefore, a series for the
2-term recurrence relation is convergent for |α1x| < 1.
(B) The 3-term recurrence relation with non-constant coefficients of a linear ODE
The 3-term recurrence relation putting (2.6) in (2.5) is given by
dn+1 = α1,n dn + α2,n dn−1 ; n ≥ 1 (2.11)
with seed values d1 = α1,0 and d0 = 1. When n ≥ N, we have
∣∣∣α1,n
∣∣∣ , ∣∣∣α2,n
∣∣∣ < 1 + ǫ.
For n = N,N + 1,N + 2, · · · in succession, take the modulus of the general term of dn+1 in
(2.11)
|dN+1| = |α1,N ||dN | + |α2,N ||dN−1| ≤ |α˜1||dN | + |α˜2||dN−1| = c3,1|dN | + c3,0|α˜2||dN−1|
|dN+2| = |α1,N+1||dN+1| + |α2,N+1||dN | ≤ |α˜1||dN+1| + |α˜2||dN |
≤
(
|α˜1|
2
+ |α˜2|
)
|dN | + |α˜1||α˜2||dN−1| = c3,2|dN | + c3,1|α˜2||dN−1|
|dN+3| = |α1,N+2||dN+2| + |α2,N+2||dN+1| ≤ |α˜1||dN+2| + |α˜2||dN+1|
≤ |α˜1|
((
|α˜1|
2
+ |α˜2|
)
|dN | + |α˜1||α˜2||dN−1|
)
+ |α˜2| (|α˜1||dN | + |α˜2||dN−1|)
=
(
|α˜1|
3
+ 2|α˜1||α˜2|
)
|dN | + |α˜2|
(
|α˜1|
2
+ |α˜2|
)
|dN−1| = c3,3|dN | + c3,2|α˜2||dN−1
|dN+4| = |α1,N+3||dN+3| + |α2,N+3||dN+2| ≤ |α˜1||dN+3| + |α˜2||dN+2|
≤ |α˜1|
((
|α˜1|
3
+ 2|α˜1||α˜2|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜2|
2
)
|dN−1|
)
+ |α˜2|
((
|α˜1|
2
+ |α˜2|
)
|dN | + |α˜1||α˜2||dN−1|
)
=
(
|α˜1|
4
+ 3|α˜1|
2|α˜2| + |α˜2|
2
)
|dN | + |α˜2|
(
|α˜1|
3
+ 2|α˜1||α˜2|
)
|dN−1| = c3,4|dN | + c3,3|α˜2||dN−1
|dN+5| = |α1,N+4||dN+4| + |α2,N+4||dN+3| ≤ |α˜1||dN+4| + |α˜2||dN+3|
≤ |α˜1|
((
|α˜1|
4
+ 3|α˜1|
2|α˜2| + |α˜2|
2
)
|dN | +
(
|α˜1|
3|α˜2| + 2|α˜1||α˜2|
2
)
|dN−1|
)
+|α˜2|
((
|α˜1|
3
+ 2|α˜1||α˜2|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜2|
2
)
|dN−1|
)
=
(
|α˜1|
5
+ 4|α˜1|
3|α˜2| + 3|α˜1||α˜2|
2
)
|dN | + |α˜2|
(
|α˜1|
4
+ 3|α˜1|
2|α˜2| + |α˜2|
2
)
|dN−1| = c3,5|dN | + c3,4|α˜2||dN−1
|dN+6| = |α1,N+5||dN+5| + |α2,N+5||dN+4| ≤ |α˜1||dN+5| + |α˜2||dN+4|
≤ |α˜1|
((
|α˜1|
5
+ 4|α˜1|
3|α˜2| + 3|α˜1||α˜2|
2
)
|dN | +
(
|α˜1|
4|α˜2| + 3|α˜1|
2|α˜2|
2
+ |α˜2|
3
)
|dN−1|
)
+|α˜2|
((
|α˜1|
4
+ 3|α˜1|
2|α˜2| + |α˜2|
2
)
|dN | +
(
|α˜1|
3|α˜2| + 2|α˜1||α˜2|
2
)
|dN−1|
)
=
(
|α˜1|
6
+ 5|α˜1|
4|α˜2| + 6|α˜1|
2|α˜2|
2
+ |α˜2|
3
)
|dN | + |α˜2|
(
|α˜1|
5
+ 4|α˜1|
3|α˜2| + 3|α˜1||α˜2|
2
)
|dN−1|
= c3,6|dN | + c3,5|α˜2||dN−1|
|dN+7| = |α1,N+6||dN+6| + |α2,N+6||dN+5| ≤ |α˜1||dN+6| + |α˜2||dN+5| ≤ c3,7|dN | + c3,6|α˜2||dN−1|
|dN+8| = |α1,N+7||dN+7| + |α2,N+7||dN+6| ≤ |α˜1||dN+7| + |α˜2||dN+6| ≤ c3,8|dN | + c3,7|α˜2||dN−1|
|dN+9| = |α1,N+8||dN+8| + |α2,N+8||dN+7| ≤ |α˜1||dN+8| + |α˜2||dN+7| ≤ c3,9|dN | + c3,8|α˜2||dN−1|
...
...
(2.12)
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Here, c3, j where j ∈ N0 is a sequence of the 3-term recurrence relation in (2.1). And we take
α1 → |α˜1| and α2 → |α˜2|.
According to (2.12), then the series of absolute values, 1 + |d1||x| + |d2||x|
2
+ |d3||x|
3
+ · · · , is
dominated by the convergent series
N−1∑
n=0
|dn||x|
n
+ |dN ||x|
N
+
(
c3,1|dN | + c3,0|α˜2||dN−1|
)
|x|N+1 +
(
c3,2|dN | + c3,1|α˜2||dN−1|
)
|x|N+2
+
(
c3,3|dN | + c3,2|α˜2||dN−1|
)
|x|N+3 +
(
c3,4|dN | + c3,3|α˜2||dN−1|
)
|x|N+4 + · · ·
=
N−1∑
n=0
|dn||x|
n
+ (|dN | + |α˜2||dN−1||x|) |x|
N
∞∑
i=0
c3,i|x|
i (2.13)
From the generating function for the 3-term recurrence relation in (2.2), we conclude
∞∑
i=0
c3,i|x|
i
=
1
1 −
(
|α˜1x| + |α˜2x2|
) (2.14)
(2.14) is absolutely convergent for |α˜1x| + |α˜2x
2| < 1. We know |αlx
l| < |α˜lx
l| where l = 1, 2 .
Therefore, a series for the 3-term recurrence relation is convergent for |α1x| + |α2x
2| < 1.
(C) The 4-term recurrence relation with non-constant coefficients of a linear ODE
The 4-term recurrence relation putting (2.6) in (2.5) is given by
dn+1 = α1,n dn + α2,n dn−1 + α3,n dn−2 ; n ≥ 2 (2.15)
with seed values d1 = α1,0, d2 = α1,0α1,1+α2,1 and d0 = 1. When n ≥ N, we have
∣∣∣α1,n
∣∣∣ , ∣∣∣α2,n
∣∣∣ , ∣∣∣α3,n
∣∣∣ <
1 + ǫ.
For n = N,N + 1,N + 2, · · · in succession, take the modulus of the general term of dn+1 in
(2.15)
|dN+1| = |α1,N ||dN | + |α2,N ||dN−1| + |α3,N ||dN−2| ≤ |α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2|
= c4,1|dN | +
(
c4,2 − c4,1|α˜1|
)
|dN−1| + c4,0|α˜3||dN−2|
|dN+2| = |α1,N+1||dN+1| + |α2,N+1||dN | + |α3,N+1||dN−1| ≤ |α˜1||dN+1| + |α˜2||dN | + |α˜3||dN−1|
≤ |α˜1| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2|) + |α˜2||dN | + |α˜3||dN−1|
=
(
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + |α˜1||α˜3||dN−2|
= c4,2|dN | +
(
c4,3 − c4,2|α˜1|
)
|dN−1| + c4,1|α˜3||dN−2|
|dN+3| = |α1,N+2||dN+2| + |α2,N+2||dN+1| + |α3,N+2||dN | ≤ |α˜1||dN+2| + |α˜2||dN+1| + |α˜3||dN |
≤ |α˜1|
((
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + |α˜1||α˜3||dN−2|
)
+|α˜2| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2|) + |α˜3||dN |
=
(
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜1||α˜3| + |α˜2|
2
)
|dN−1| + |α˜3|
(
|α˜1|
2
+ |α˜2|
)
|dN−2|
= c4,3|dN | +
(
c4,4 − c4,3|α˜1|
)
|dN−1| + c4,2|α˜3||dN−2|
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|dN+4| = |α1,N+3||dN+3| + |α2,N+3||dN+2| + |α3,N+3||dN+1| ≤ |α˜1||dN+3| + |α˜2||dN+2| + |α˜3||dN+1|
≤ |α˜1|
((
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜2|
2
+ |α˜1||α˜3|
)
|dN−1| + |α˜3|
(
|α˜1|
2
+ |α˜2|
)
|dN−2|
)
+|α˜2|
((
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + |α˜1||α˜3||dN−2|
)
+ |α˜3| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2|)
=
(
|α˜1|
4
+ 3|α˜1|
2|α˜2| + 2|α˜1||α˜3| + |α˜2|
2
)
|dN | +
(
|α˜1|
3|α˜2| + 2|α˜1||α˜2|
2
+ |α˜1|
2|α˜3| + 2|α˜2||α˜3|
)
|dN−1|
+|α˜3|
(
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN−2|
= c4,4|dN | +
(
c4,5 − c4,4|α˜1|
)
|dN−1| + c4,3|α˜3||dN−2|
|dN+5| = |α1,N+4||dN+4| + |α2,N+4||dN+3| + |α3,N+4||dN+2| ≤ |α˜1||dN+4| + |α˜2||dN+3| + |α˜3||dN+2|
≤ |α˜1|
((
|α˜1|
4
+ 3|α˜1|
2|α˜2| + 2|α˜1||α˜3| + |α˜2|
2
)
|dN | +
(
|α˜1|
3|α˜2| + 2|α˜1||α˜2|
2
+ |α˜1|
2|α˜3| + 2|α˜2||α˜3|
)
|dN−1|
+ |α˜3|
(
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN−2|
)
+|α˜2|
((
|α˜1|
3
+ |α˜1||α˜2| + |α˜3|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜2|
2
+ |α˜1||α˜3|
)
|dN−1| + |α˜3|
(
|α˜1|
2
+ |α˜2|
)
|dN−2|
)
+|α˜3|
((
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + |α˜1||α˜3||dN−2|
)
=
(
|α˜1|
5
+ 4|α˜1|
3|α˜2| + 3|α˜1|
2|α˜3| + 3|α˜1||α˜2|
2
+ 2|α˜2||α˜3|
)
|dN |
+
(
|α˜1|
4|α˜2| + 3|α˜1|
2|α˜2|
2
+ |α˜1|
3|α˜3| + 4|α˜1||α˜2||α˜3| + |α˜2|
3
+ |α˜3|
2
)
|dN−1|
+|α˜3|
(
|α˜1|
4
+ 3|α˜1|
2|α˜2| + |α˜2|
2
+ 2|α˜1||α˜3|
)
|dN−2|
= c4,5|dN | +
(
c4,6 − c4,5|α˜1|
)
|dN−1| + c4,4|α˜3||dN−2|
|dN+6| = |α1,N+5||dN+5| + |α2,N+5||dN+4| + |α3,N+5||dN+3| ≤ |α˜1||dN+5| + |α˜2||dN+4| + |α˜3||dN+3|
≤ c4,6|dN | +
(
c4,7 − c4,6|α˜1|
)
|dN−1| + c4,5|α˜3||dN−2|
|dN+7| = |α1,N+6||dN+6| + |α2,N+6||dN+5| + |α3,N+6||dN+4| ≤ |α˜1||dN+6| + |α˜2||dN+5| + |α˜3||dN+4|
≤ c4,7|dN | +
(
c4,8 − c4,7|α˜1|
)
|dN−1| + c4,6|α˜3||dN−2|
|dN+8| = |α1,N+7||dN+7| + |α2,N+7||dN+6| + |α3,N+7||dN+5| ≤ |α˜1||dN+7| + |α˜2||dN+6| + |α˜3||dN+5|
≤ c4,8|dN | +
(
c4,9 − c4,8|α˜1|
)
|dN−1| + c4,7|α˜3||dN−2|
|dN+9| = |α1,N+8||dN+8| + |α2,N+7||dN+4| + |α3,N+8||dN+6| ≤ |α˜1||dN+8| + |α˜2||dN+7| + |α˜3||dN+6|
≤ c4,9|dN | +
(
c4,10 − c4,9|α˜1|
)
|dN−1| + c4,8|α˜3||dN−2|
...
...
(2.16)
Here, c4, j where j ∈ N0 is a sequence of the 4-term recurrence relation in (2.1). And we take
αl → |α˜l| where l = 1, 2, 3.
According to (2.16), then the series of absolute values, 1 + |d1||x| + |d2||x|
2
+ |d3||x|
3
+ · · · , is
8
dominated by the convergent series
N−1∑
n=0
|dn||x|
n
+ |dN ||x|
N
+
(
c4,1|dN | +
(
c4,2 − |α˜1|c4,1
)
|dN−1| + |α˜3||dN−2|
)
|x|N+1
+
(
c4,2|dN | +
(
c4,3 − |α˜1|c4,2
)
|dN−1| + c4,1|α˜3||dN−2|
)
|x|N+2
+
(
c4,3|dN | +
(
c4,4 − |α˜1|c4,3
)
|dN−1| + c4,2|α˜3||dN−2|
)
|x|N+3
+
(
c4,4|dN | +
(
c4,5 − |α˜1|c4,4
)
|dN−1| + c4,3|α˜3||dN−2|
)
|x|N+4 + · · ·
≤
N−1∑
n=0
|dn||x|
n
+|dN ||x|
N
+
(
c4,1|dN | + c4,2|dN−1| + |α˜3||dN−2|
)
|x|N+1+
(
c4,2|dN | + c4,3|dN−1| + c4,1|α˜3||dN−2|
)
|x|N+2
+
(
c4,3|dN | + c4,4|dN−1| + c4,2|α˜3||dN−2|
)
|x|N+3 +
(
c4,4|dN | + c4,5|dN−1| + c4,3|α˜3||dN−2|
)
|x|N+4 + · · ·
≤
N−1∑
n=0
|dn||x|
n
+
(
|dN | + |dN−1||x|
−1
+ |α˜3||dN−2||x|
)
|x|N
∞∑
i=0
c4,i|x|
i (2.17)
From the generating function for the 4-term recurrence relation in (2.2), we conclude
∞∑
i=0
c4,i|x|
i
=
1
1 −
(
|α˜1x| + |α˜2x2| + |α˜3x3|
) (2.18)
(2.18) is absolutely convergent for |α˜1x| + |α˜2x
2| + |α˜3x
3| < 1. We know |αlx
l| < |α˜lx
l| where
l = 1, 2, 3 . Therefore, a series for the 4-term recurrence relation is convergent for |α1x|+ |α2x
2|+
|α3x
3| < 1.
(D) The 5-term recurrence relation with non-constant coefficients of a linear ODE
The 5-term recurrence relation putting (2.6) in (2.5) is given by
dn+1 = α1,n dn + α2,n dn−1 + α3,n dn−2 + α4,n dn−3 ; n ≥ 3 (2.19)
with seed values d1 = α1,0, d2 = α1,0α1,1 + α2,1, d3 = α1,0α1,1α1,2 + α1,0α2,2 + α1,2α2,1 + α3,2 and
d0 = 1. When n ≥ N, we have
∣∣∣α1,n
∣∣∣ , ∣∣∣α2,n
∣∣∣ , ∣∣∣α3,n
∣∣∣ , ∣∣∣α4,n
∣∣∣ < 1 + ǫ.
For n = N,N + 1,N + 2, · · · in succession, take the modulus of the general term of dn+1 in
(2.19)
|dN+1| = |α1,N ||dN | + |α2,N ||dN−1| + |α3,N ||dN−2| + |α4,N ||dN−3| ≤ |α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2| + |α˜4||dN−3|
= c5,1|dN | +
(
c5,2 − c5,1|α˜1|
)
|dN−1| +
(
c5,3 −
(
c5,2|α˜1| + c5,1|α˜2|
))
|dN−2| + c5,0|α˜4||dN−3|
|dN+2| = |α1,N+1||dN+1| + |α2,N+1||dN | + |α3,N+1||dN−1| + |α4,N+1||dN−2|
≤ |α˜1||dN+1| + |α˜2||dN | + |α˜3||dN−1| + |α˜4||dN−2|
≤ |α˜1| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2| + |α˜4||dN−3|) + |α˜2||dN | + |α˜3||dN−1| + |α˜4||dN−2|
=
(
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + (|α˜1||α˜3| + |α˜4|) |dN−2| + |α˜4||α˜1||dN−3|
= c5,2|dN | +
(
c5,3 − c5,2|α˜1|
)
|dN−1| +
(
c5,4 −
(
c5,3|α˜1| + c5,2|α˜2|
))
|dN−2| + c5,1|α˜4||dN−3|
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|dN+3| = |α1,N+2||dN+2| + |α2,N+2||dN+1| + |α3,N+2||dN | + |α4,N+2||dN−1|
≤ |α˜1||dN+2| + |α˜2||dN+1| + |α˜3||dN | + |α˜4||dN−1|
≤ |α˜1|
((
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + (|α˜1||α˜3| + |α˜4|) |dN−2| + |α˜4||α˜1||dN−3|
)
+|α˜2| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2| + |α˜4||dN−3|) + |α˜3||dN | + |α˜4||dN−1|
=
(
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜1||α˜3| + |α˜2|
2
+ |α˜4|
)
|dN−1|
+
(
|α˜1|
2|α˜3| + |α˜1||α˜4| + |α˜2||α˜3|
)
|dN−2| +
(
|α˜4||α˜1|
2
+ |α˜4||α˜2|
)
|dN−3|
= c5,3|dN | +
(
c5,4 − c5,3|α˜1|
)
|dN−1| +
(
c5,5 −
(
c5,4|α˜1| + c5,3|α˜2|
))
|dN−2| + c5,2|α˜4||dN−3|
|dN+4| = |α1,N+3||dN+3| + |α2,N+3||dN+2| + |α3,N+3||dN+1| + |α4,N+3||dN |
≤ |α˜1||dN+3| + |α˜2||dN+2| + |α˜3||dN+1| + |α˜4||dN |
≤ |α˜1|
((
|α˜1|
3
+ 2|α˜1||α˜2| + |α˜3|
)
|dN | +
(
|α˜1|
2|α˜2| + |α˜1||α˜3| + |α˜2|
2
+ |α˜4|
)
|dN−1|
+
(
|α˜1|
2|α˜3| + |α˜1||α˜4| + |α˜2||α˜3|
)
|dN−2| +
(
|α˜4||α˜1|
2
+ |α˜4||α˜2|
)
|dN−3|
)
+|α˜2|
((
|α˜1|
2
+ |α˜2|
)
|dN | + (|α˜1||α˜2| + |α˜3|) |dN−1| + (|α˜1||α˜3| + |α˜4|) |dN−2| + |α˜4||α˜1||dN−3|
)
+|α˜3| (|α˜1||dN | + |α˜2||dN−1| + |α˜3||dN−2| + |α˜4||dN−3|) + |α˜4||dN |
=
(
|α˜1|
4
+ 3|α˜1|
2|α˜2| + 2|α˜1||α˜3| + |α˜2|
2
+ |α˜4|
)
|dN |
+
(
|α˜1|
3|α˜2| + |α˜1|
2|α˜3| + 2|α˜1||α˜2|
2
+ |α˜1||α˜4| + 2|α˜2||α˜3|
)
|dN−1|
+
(
|α˜1|
3|α˜3| + |α˜1|
2|α˜4| + 2|α˜1||α˜2||α˜3| + |α˜2||α˜4| + |α˜3|
2
)
|dN−2| +
(
|α˜4||α˜1|
3
+ 2|α˜4||α˜1||α˜2| + |α˜4||α˜3|
)
|dN−3|
= c5,4|dN | +
(
c5,5 − c5,4|α˜1|
)
|dN−1| +
(
c5,6 −
(
c5,5|α˜1| + c5,4|α˜2|
))
|dN−2| + c5,3|α˜4||dN−3|
|dN+5| ≤ |α˜1||dN+4| + |α˜2||dN+3| + |α˜3||dN+2| + |α˜4||dN+1|
≤ c5,5|dN | +
(
c5,6 − c5,5|α˜1|
)
|dN−1| +
(
c5,7 −
(
c5,6|α˜1| + c5,5|α˜2|
))
|dN−2| + c5,4|α˜4||dN−3|
|dN+6| ≤ |α˜1||dN+5| + |α˜2||dN+4| + |α˜3||dN+3| + |α˜4||dN+2|
≤ c5,6|dN | +
(
c5,7 − c5,6|α˜1|
)
|dN−1| +
(
c5,8 −
(
c5,7|α˜1| + c5,6|α˜2|
))
|dN−2| + c5,5|α˜4||dN−3|
|dN+7| ≤ |α˜1||dN+6| + |α˜2||dN+5| + |α˜3||dN+4| + |α˜4||dN+3|
≤ c5,7|dN | +
(
c5,8 − c5,7|α˜1|
)
|dN−1| +
(
c5,9 −
(
c5,8|α˜1| + c5,7|α˜2|
))
|dN−2| + c5,6|α˜4||dN−3|
|dN+8| ≤ |α˜1||dN+7| + |α˜2||dN+6| + |α˜3||dN+5| + |α˜4||dN+4|
≤ c5,8|dN | +
(
c5,9 − c5,8|α˜1|
)
|dN−1| +
(
c5,10 −
(
c5,9|α˜1| + c5,8|α˜2|
))
|dN−2| + c5,7|α˜4||dN−3|
...
...
(2.20)
Here, c5, j where j ∈ N0 is a sequence of the 5-term recurrence relation in (2.1). And we take
αl → |α˜l| where l = 1, 2, 3, 4.
According to (2.20), then the series of absolute values, 1 + |d1||x| + |d2||x|
2
+ |d3||x|
3
+ · · · , is
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dominated by the convergent series
N−1∑
n=0
|dn||x|
n
+ |dN ||x|
N
+
(
c5,1|dN | +
(
c5,2 − c5,1|α˜1|
)
|dN−1| +
(
c5,3 −
(
c5,2|α˜1| + c5,1|α˜2|
))
|dN−2| + c5,0|α˜4||dN−3|
)
|x|N+1
+
(
c5,2|dN | +
(
c5,3 − c5,2|α˜1|
)
|dN−1| +
(
c5,4 −
(
c5,3|α˜1| + c5,2|α˜2|
))
|dN−2| + c5,1|α˜4||dN−3|
)
|x|N+2
+
(
c5,3|dN | +
(
c5,4 − c5,3|α˜1|
)
|dN−1| +
(
c5,5 −
(
c5,4|α˜1| + c5,3|α˜2|
))
|dN−2| + c5,2|α˜4||dN−3|
)
|x|N+3
+
(
c5,4|dN | +
(
c5,5 − c5,4|α˜1|
)
|dN−1| +
(
c5,6 −
(
c5,5|α˜1| + c5,4|α˜2|
))
|dN−2| + c5,3|α˜4||dN−3|
)
|x|N+4 + · · ·
≤
N−1∑
n=0
|dn||x|
n
+ |dN ||x|
N
+
(
c5,1|dN | + c5,2|dN−1| + c5,3|dN−2| + c5,0|α˜4||dN−3|
)
|x|N+1
+
(
c5,2|dN | + c5,3|dN−1| + c5,4|dN−2| + c5,1|α˜4||dN−3|
)
|x|N+2
+
(
c5,3|dN | + c5,4|dN−1| + c5,5|dN−2| + c5,2|α˜4||dN−3|
)
|x|N+3
+
(
c5,4|dN | + c5,5|dN−1| + c5,6|dN−2| + c5,3|α˜4||dN−3|
)
|x|N+4 + · · ·
≤
N−1∑
n=0
|dn||x|
n
+
(
|dN | + |dN−1||x|
−1
+ |dN−2||x|
−2
+ |α˜4||dN−3||x|
)
|x|N
∞∑
i=0
c5,i|x|
i (2.21)
From the generating function for the 5-term recurrence relation in (2.2), we conclude
∞∑
i=0
c5,i|x|
i
=
1
1 −
(
|α˜1x| + |α˜2x2| + |α˜3x3| + |α˜4x4|
) (2.22)
(2.22) is absolutely convergent for |α˜1x| + |α˜2x
2| + |α˜3x
3| + |α˜4x
4| < 1. We know |αlx
l| < |α˜lx
l|
where l = 1, 2, 3, 4 . Therefore, a series for the 5-term recurrence relation is convergent for
|α1x| + |α2x
2| + |α3x
3| + |α4x
4| < 1.
By the principle of mathematical induction (by repeating similar process for the previous
cases such as two, three, four and five term recurrence relations), the series of absolute values for
the (k + 1)-term recursive relation of a linear ODE where k ∈ {5, 6, 7, · · · }, 1 + |d1||x| + |d2||x|
2
+
|d3||x|
3
+ · · · , is dominated by the convergent series
N−1∑
n=0
|dn||x|
n
+
|dN | +
k−3∑
i=0
|dN−1−i||x|
−1−i
+ |α˜k ||dN−k+1||x|
 |x|N
∞∑
j=0
ck+1, j|x|
j (2.23)
Here, ck+1, j where j ∈ N0 is a sequence of the (k + 1)-term recurrence relation in (2.1). And
we take αl → |α˜l| where l = 1, 2, 3, · · · , k. From the generating function for the (k + 1)-term
recurrence relation in (2.2), we conclude
∞∑
j=0
ck+1, j|x|
j
=
1
1 −
k∑
m=1
|α˜mx
m |
(2.24)
(2.24) is absolutely convergent for
∑k
m=1 |α˜mx
m| < 1. We know |αlx
l| < |α˜lx
l| where l =
1, 2, 3, · · · , k. Therefore, a series for the (k + 1)-term recurrence relation of a linea ODE is
convergent for
∑k
m=1 |αmx
m | < 1. 
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